Abstract. In their 1936's founding paper on quantum logic, Birkhoff and von Neumann postulated that the lattice describing the experimental propositions concerning a quantum system is orthocomplemented ([7], §9). We prove that this postulate fails for the lattice Lsep describing a compound system consisting of so called separated quantum systems. By separated we mean two systems prepared in different "rooms" of the lab, and before any interaction take place. In that case the state of the compound system is necessarily a product state. As a consequence Dirac's superposition principle fails, and therefore Lsep cannot satisfy all Piron's axioms [22] . In previous works it was argued that Lsep is not orthomodular and has not the covering property [1, 26] . Here we prove that Lsep cannot be orthocomplemented. Moreover, we propose a natural model for Lsep which has the covering property.
Introduction
We consider the following experimental situation represented schematically in Figure 1 . Two quantum systems S 1 and S 2 (electrons, atoms or whatever) are prepared in two different "rooms" of the lab and stay in their own "room" until a time t 0 . Then some interaction is "switch on", and finally a measurement is performed at some later time t 1 , after the interaction has taken place. This is typically a situation encountered in scattering experiments.
Before time t 0 , the systems S 1 and S 2 are said to be separated. Recall that in von Neumann's quantum theory [20] , the state of a two-body system can be either entangled or a product state. Entangled states have been observed in many experiments, involving pairs of photons [4, 30, 3] or massive particles [28] . Gisin proved that any entangled state violates a Bell inequality [12] , therefore, for separated systems as defined here, the state is necessarily a product. Wether the two systems are fermions or bosons does not matter. Since they are prepared independently and do not interact, they are distinguishable and not correlated.
We describe the compound system S consisting of S 1 and S 2 as a triple (Σ, P, µ : P → 2 Σ ), where Σ is the state space of S, P the set of {0, 1}−experiments on S, and µ assigns to each P ∈ P the set of states in which P is certain to be true (i.e. with probability 1). We denote the image of µ, ordered by set-inclusion, by L := µ(P). Following Piron [23] and Aerts [1] , we assume that L contains the empty set, Σ, and all singletons, and that L is closed under set-intersection (i.e. ∩ω ∈ L, for all ω ⊆ L), hence that L is a simple closure space. Note that a simple closure space is a complete atomistic lattice. In the following, when we refer to a lattice which is complete and atomistic, it must be understood that we consider the simple closure space isomorphic to it. According to Aerts, we call L the property lattice of S. We denote the state space and the property lattice of S when S 1 and S 2 are separated (i.e. before time t 0 ) as Σ sep and L sep respectively. The state space and the property lattice of S i are denoted by Σ i and L i respectively. For a simple closure space L ⊆ 2 Σ , we omit the brackets when writing singletons and call elements of Σ atoms. The group of automorphisms of L (i.e. bijective maps preserving all meets and joins) is denoted by Aut(L), and the bijective map on Σ induced by an automorphism u of L is also denoted by u. We call a simple closure space L ⊆ 2 Σ transitive if the action of Aut(L) on Σ is transitive. We can now introduce some axioms concerning L sep .
Axiom P1 is clear from our discussion concerning entangled and product states. Axiom P2 can be justified by an argument already given by Aerts in Ref. [1] . Let P 1 ∈ P 1 and P 2 ∈ P 2 . Denote by P 1 or P 2 the {0, 1}−experiment which consists in performing P 1 and P 2 simultaneously (or one after the other) and with outcome given by 1 if the outcome of P 1 is 1 or the outcome of P 2 is 1, and by 0 otherwise. Then obviously µ(P 1 or P 2 ) = µ 1 (P 1 ) ∪ µ 2 (P 2 ).
Axiom P3 follows from the assumption that for any system S 1 , there is at least on state (say p 0 ) in which the system S 1 can be prepared. Indeed, suppose that p 0 × B ∈ L sep and let P ∈ P sep such that µ(P ) = p 0 × B. Define P 2 ∈ P 2 as "prepare system S 1 in room 1 in the state p 0 and perform P". Then obviously µ 2 (P 2 ) = B, hence B ∈ L 2 . Now, if L 1 is transitive and if Axiom P4 holds for some
Finally, Axiom P4 is more delicate. Note that we need Axiom P4 only to show that Axiom P3 holds not only for one particular state p 0 ∈ Σ 1 , but for all states. Suppose that S 1 and S 2 are described according to von Neumann's quantum theory by two complex Hilbert spaces H 1 and H 2 . Let P(H i ) be the lattice of closed subspaces and U(H i ) the group of automorphisms of P(H i ) induced by unitary maps. First, U(H i ) acts transitively on the set of atoms of P(H i ). On the other hand, it is indeed natural to assume that Axiom P4 holds for T i = U(H i ).
In Section 2 we present the following result. If L 1 and L 2 are moreover orthocomplemented with the covering property, and if L ∈ S(L 1 , L 2 ) admits an orthocomplementation, then L is isomorphic to the separated product L 1 ∧ L 2 defined by Aerts in Ref. [1] . In Section 3, we give two strong arguments to reject the separated product as a model for L sep ; whence we find our main claim, namely that L sep cannot be orthocomplemented. In Section 2 we also outline some results concerning
, and we focus on two particular examples. One of then, L 1 ⇓ L 2 , has the covering property, and is a natural model for L sep . Finally, Section 4 is devoted to some open questions.
It is important to note that for separated systems, Dirac's superposition principle fails. Therefore, in the light of Theorem 34.5 and 33.7 in Ref. [19] , one can expect that L sep is neither orthocomplemented with the covering property, nor a DAClattice (L is DAC-lattice if both L and the dual of L are atomistic with the covering property). On the other hand, it was shown that if orthocomplemented, then L sep is not orthomodular, otherwise L 1 or L 2 is a power set. This was proved by Aerts for the separated product in Ref. [1] , and in general, using much stronger axioms than ours, by Pulmannová in Ref. [26] .
The results presented in this section are summarized in Figure 2 .
As a first result we find easily that for any
, ordered by set-inclusion, is a complete lattice with bottom and top element given by L 1 ∧ L 2 and L 1 ∨ L 2 respectively (see [15] , Theorem 0.10). The meet is the set-intersection,
Moreover, suppose that if L i = 2 Σi , then there are two atoms, say p and q, such that p ∨ q contains a third atom (say r) and covers p, q and r. Then,
Σ2 (see [15] , Theorems 4.3 and 4.6). The bottom element L 1 ∧ L 2 is the separated product of Aerts defined for ortholattices in Ref. [1] (see [15] , Lemma 6.3). For atomistic lattices (not complete), L 1 ∧ L 2 can be defined in a similar way by taking only finite intersections. Then, it is isomorphic to the box product L 1 L 2 of Grätzer and Wehrung [14] , and if
and L 2 are moreover coatomistic, to the lattice tensor product
On the other hand, the top element L 1 ∨ L 2 is the ⊠−tensor product of Golfin [13] , and it is isomorphic to the tensor product of Shmuely [29] . Let C be the category of complete join-semilattices with maps preserving arbitrary joins, and c the subcategory of C defined by considering as objects simple closure spaces. Let L 1 and L 2 be simple closure spaces. Then there is a bimorphism f :
commutes (see [15] , Theorem 2.12). For join-semilattices and maps preserving finite joins, this is exactly the definition of the join-semilattice tensor product given by Fraser [9] . Hence, we can call the top element the complete join-semilattice tensor product or simply the tensor product in the category c.
Note
can be defined as the set of all simple closure spaces satisfying the above universal property with respect not to all objects L and bimorphisms g, but with respect to a given class of objects and bimorphisms (see [15] , Theorem 3.3). Therefore, it is natural to call elements of S(L 1 , L 2 ) and
2.2. Orthocomplemented weak tensor products. If L 1 and L 2 are orthocomplemented simple closure spaces, then the binary relation on
Our main results states that the separated product is the only orthocomplemented weak tensor product. More precisely, we have:
We outline the proof in case L i are irreducible and L is transitive (note that from Axiom P4, if L i are transitive, so is L). First it follows easily from Axiom P3 that if x 1 is a coatom of L 1 and x 2 is a coatom of L 2 , then X : 
Then there is a permutation σ and two isomorphisms
The proof relies on the following remarks: Let p, q ∈ Σ 1 × Σ 2 . (i) By Axiom P2, if p 1 = q 1 and p 2 = q 2 , then p ∨ q does not contain a third atom. (ii) By Axiom P3, if p 1 = q 1 , the p ∨ q = p 1 × (p 2 ∨ q 2 ), and the same kind of equality holds for left lateral joins of atoms. As a consequence, since u preserves joins, u(p 1 × Σ 2 ) is either of the form q 1 × Σ 2 or of the form Σ 1 × q 2 , with q i atoms.
A similar result as Theorem 2.2 was obtained in Ref. [16] for L i = P(H i ) and with a set of axioms weaker than those used here and in previous works [2, 26, 31, 32] . On the other hand, in Ref. [17] , some axiom relating the orthocomplementation of L i and L is required.
2.3.
Weak tensor products with the covering property. It was proved by Aerts in case L 1 and L 2 are orthocomplemented simple closure spaces, that if L 1 ∧ L 2 has the covering property or is orthomodular, then
, or see [15] , Theorem 7.1). The same result holds for the top element L 1 ∨ L 2 . More precisely, assume that L 1 and L 2 have the covering property and that if L i = 2
Σi , then there are four atoms p, q, r and s such that p ∨ q covers p, q, r and s. Then, L 1 ∨ L 2 has the covering property if and only if L 1 = 2 Σ1 or L 2 = 2 Σ2 (see [15] , Theorem 7.4). We can classify weak tensor products with the covering property only in a very special case. Denote by MO Σ the simple closure space on Σ defined as
where by definition, a ∈ L 1 • L 2 if and only if a ∈ L 1 ∧ L 2 , or a = {p, q, r} with p 1 = q 1 = r 1 = p 1 and p 2 = q 2 = r 2 = p 2 (see [15] , Theorem 7.6). Note that this result is mainly due to the fact that any bijection of Σ induces an automorphism of MO Σ . Note also that in MO Σ1 ∧ MO Σ2 , the join of three atoms satisfying the condition above equals 1. Hence, obviously,
We now give an example of a weak tensor product with the covering property, which, as we will see in Section 3, is a very natural model for L sep . Let H 1 and H 2 be complex Hilbert spaces and let L 1 = P(H 1 ) and L 2 = P(H 2 ) be the lattices of closed subspaces. Let V be a closed subspace of H 1 ⊗ H 2 . Denote by Σ ⇓ [V ] the set of atoms of P(H 1 ⊗ H 2 ) spanned by product vectors and contained in V . Define
and is different from the top and the bottom elements. Moreover, L 1 ⇓ L 2 is coatomistic and has the covering property, but is not a DAC-lattice (see [15] , Theorem 8.4). As an example, consider the case where H 1 and H 2 have finite dimensions. Then, there is a bijection between anti-linear maps from
2.4.
A second example. A * −autonomous category is a category equipped with two bifunctors − ⊗ − and − ⊸ − and two particular objects ⊤ and ⊥ satisfying a bunch of conditions (see for instance the appendix of Ref. [18] , or references herein). * −autonomous categories where introduced and studied at length by Barr in Ref. [5] and later works. He proved in Ref. [6] that they are a model for a large fragment of Girard's [10] linear logic. The various bifunctors are interpreted as logical operations. For instance, the tensor and the coproduct play the role of the two conjunctions occurring in linear logic. Among all * −autonomous categories are those arising from the Chu construction, as the category Chu(Set, 2) which has as objects triples (A, r, X), where A and X are sets, and r : A × X → 2 is a map [5] . Obviously, if L is a simple closure space on a set Σ, then (Σ, r, L) where r is defined as r(p, a) = 1 if and only if p ∈ a, is an object of Chu(Set, 2). This correspondence can be extended to an injective full faithful functor G : Cal → Chu(Set, 2), where Cal denotes the category of simple closure spaces with maps preserving arbitrary joins and sending atoms to atoms. Then we have that
(see [15] , Theorem 2.5). However, we cannot pull back with G the all * −autonomous structure of Chu(Set, 2) on Cal. Let Cal 0 Sym be the category of coatomistic simple closure spaces such that for any two coatoms x and y, and any two atoms p and q, there is an atom r and a coatom z with r / ∈ x ∪ y and p, q / ∈ z, with maps preserving arbitrary joins, sending atoms to atoms or 0, and with right adjoint sending coatoms to coatoms or 1. Then it is possible to define an injective full faithful functor F : Cal 0 Sym → Chu(Set 0 , 2 0 ), such that Cal 0 Sym inherit the * −autonomous structure of Chu(Set 0 , 2 0 ) (where Set 0 denotes the category of pointed sets, for details, see [18] ). The tensor obtained from this construction is given by [18] , Theorem 7.8) and Σ ′ ⊛ defined in Eq. (2.3) is the set of coatoms of L 1 ⊛ L 2 (see [18] , Lemma 4.6). Note that there is a bijection between Cal
Possible connections between quantum an linear logic have been investigated in previous works [25, 27, 33, 21] . From the discussion of Section 3 and Eqs. (3.1) and (2.4), the ⊛−weak tensor product appears as a possible candidate for L sep . Whence arise the following natural question: Is the category of property lattices of physical systems with maps describing possible time evolutions, equipped with all bifunctors describing the various possible ways of combining systems * −autonomous, hence a model for linear logic? 3. Two arguments against the separated product From our main result we have that if L sep admits an orthocomplementation, then L sep = L 1 ∧ L 2 the separated product of Aerts. We now exhibit some experimental propositions that are not described by the separated product. For this purpose, consider again the experimental situation presented schematically in Figure 1 . Suppose that S 1 and S 2 are quantum system described by complex Hilbert spaces H 1 and H 2 respectively. Recall that according to quantum theory, the interaction transforms initial product states into entangled states. Hence the state space of the compound system at time t 1 is given by Σ t1 = (H 1 ⊗ H 2 − 0)/C, whereas the property lattice is given by L t1 = P(H 1 ⊗ H 2 ). On the other hand, since S 1 and S 2 are initially separated, the state space at time t 0 is given by Σ t0 = Σ sep . Denote by U : Σ t0 → Σ t1 the map describing the time evolution. Now, from a simple argument given by Daniel in Ref. [8] , the inverse image by U of any a ∈ L t1 must be in L t0 = L sep , in other words, (3.1)
But obviously, this condition is not satisfied by the separated product (for instance Σ ⇓ [ 0 ⊗ 0 + 1 ⊗ 1 ⊥ ] ∈ P(C 2 ) ∧ P(C 2 ), where 0 := (1, 0) and 1 := (0, 1)). Let us give a second simple argument to reject the separated product as a model for L sep . It is natural to assume the existence of a propensity map ω : Σ sep × L sep → [0, 1] as defined for instance in [11] . By the result of Pool [24] , if L sep is orthocomplemented, then L sep is orthomodular. Whence, if L sep = L 1 ∧ L 2 , by Aerts's theorem, L 1 or L 2 is distributive, a contradiction.
Open questions
In this last section, we present some open questions concerning weak tensor products. Below H 1 and H 2 are complex Hilbert spaces.
Q1 Let L 1 = P(H 1 ) and L 2 = P(H 2 ). Is the statement of Theorem 2.2 true if we assume Axioms P1, P2, P4 with T i = U(H i ), and that the maps a 1 → a 1 × Σ 2 and a 2 → Σ 1 × a 2 preserve arbitrary joins ? Q2 Is it always true that P(H 1 ) ⊛ P(H 2 ) = P(H 1 ) ∨ P(H 2 ) ? Q3 Is it possible to classify weak tensor products with the covering property ? Q4 Is there any theorem like:" Let L be a coatomistic simple closure space with the covering property. Suppose that L is not a DAC-lattice. If ..., then there are simple closure spaces L 1 · · · L n which are DAC-lattices such that (up to an isomorphism) L ∈ S(L 1 , · · · , L n )"?
